A new method to drive a system of neutral dipolar fermions into the lowest Landau level regime is proposed. By employing adiabatic spin-flip processes in combination with a diabatic transfer, the fermions are pumped to higher orbital angular momentum states in a repeated scheme that allows for the precise control over the final angular momentum. A simple analytical model is derived to quantify the transfer and compare the approach to rapidly rotating systems. Numerical simulations of the transfer process have been performed for small, interacting systems.
A new method to drive a system of neutral dipolar fermions into the lowest Landau level regime is proposed. By employing adiabatic spin-flip processes in combination with a diabatic transfer, the fermions are pumped to higher orbital angular momentum states in a repeated scheme that allows for the precise control over the final angular momentum. A simple analytical model is derived to quantify the transfer and compare the approach to rapidly rotating systems. Numerical simulations of the transfer process have been performed for small, interacting systems. Despite being ideal models for complicated solid state systems, ultracold quantum gases lack one important aspect of the electronic complex: because of the charge neutrality of the atoms, there are no mobile charge carriers that possess a direct coupling to the magnetic vector potential. Plenty of interesting effects, however, arise when charged particles are subject to high magnetic fields in low dimensional systems. The most prominent ones are the integer quantum Hall effect [1] as an example for the appearance of topological states, as well as the fractional quantum Hall effect [2] , potentially giving rise to fundamental excitations with non-Abelian statistics.
Several schemes have been proposed to simulate the effect of magnetic fields for neutral particles. Artificial gauge fields can be created by imprinting phases, making use of the Peierls substitution in optical lattices [3] [4] [5] , or by tailoring spatially dependent Hamiltonians to generate geometric phases [6] ; for an overview see [7] . Rapidly rotating quantum gases provide an alternative route via Larmor's theorem [8, 9] . Several theoretical proposals demonstrate the appearance of highly correlated quantum Hall states for dipolar bosons [10] and fermions [11, 12] . However, the experimental realization of quantum Hall states has been elusive so far. For rotating systems, the main problem is the precise control on the rotation frequency, which is required to reach the lowest Landau level without crossing the rotational instability [13] .
Here we propose a new scheme to access the regime of fast rotation for a dipolar Fermi gas such as 161 Dy, which has recently been cooled to the quantum degenerate regime [14] . Starting from a spin-polarized state, dipolar interactions can lead to spin relaxation with a net angular momentum transfer [15] . This is known as the Einstein-de Haas effect [16] and has been proposed to create rotating Bose-Einstein condensates [17, 18] . We suggest using this mechanism in a trapped, quasi-twodimensional system to control the amount of angular momentum, and -by repeated application of the transfer scheme -reach the lowest Landau level (LLL). This scheme allows for direct control over the total angular momentum instead of the rotation frequency and circumvents the prime experimental difficulties toward the realization of the quantum Hall regime in harmonically trapped gases.
We consider a system of N fermionic atoms with magnetic dipole moments µ. While extensions to schemes with polar molecules are possible, the permanent dipole moments of the atoms lead to some simplifications. To shorten the discussion, we consider only two internal levels (pseudospin 1/2). The particles are confined in a quasi-two-dimensional harmonic trap with a radial fre- quency ω and an axial frequency ω z . For strong z confinement ω z E F , where E F is the Fermi energy derived below, the system is effectively 2D, see Fig. 1a . The interactions between the particles are described by the dipolar interaction potential
where r = r i −r j is the relative distance between the two particles. Note that a weak s-wave scattering length does not change the general behavior of our transfer scheme and is ignored in the following. The dipole moment µ = µ B gS/ = µ B gσ/2 is given in terms of the Landé factor g and the Pauli matrices. By integrating out the fast motion perpendicular to the xy plane, taking the limit ω z → ∞, and using the spin raising and lowering operators σ ± = (σ x ± iσ y )/2 the interaction reduces to
where r, φ are polar coordinates in the xy plane and
characterizes the strength of the interaction. The dipolar interaction features three different processes. The first term proportional to σ It is this process that allows us to drive the dipolar particles to higher angular momentum states. Assuming the gas is initially in a spin-polarized state with the external magnetic field pointing in the positive z direction, the particles will undergo spin relaxation when the field is adiabatically ramped through zero and finally pointing in the negative z direction. During this adiabatic ramping, the total orbital angular momentum is increased by N with N the number of particles in the system. For the goal to reach the lowest Landau level regime, it is required to transfer L ≡ N (N −1)/2· angular momentum to the orbital degrees of freedom, as described below. It is therefore necessary to reverse the magnetic field and the spins to their original position, in a way that guarantees repeated application of the transfer scheme without affecting the orbital angular momentum.
To achieve this, we propose rotating the magnetic field by 180
• around an arbitrary axis lying in the xy plane (say, the y axis), slowly enough such that the spins rotate adiabatically, but fast enough such that the orbital degrees of freedom cannot follow. To satisfy the adiabaticity with respect to the spins and diabaticity with respect to the external degrees of freedom, the speed of the rotation γ rot has to satisfy ω γ rot ω L , where
/ is the Larmor frequency. After the rotation, the magnetic field has enclosed a D-shaped path in the xz plane. The spins are now pointing upward (in analogy to Fig. 1b but with increased angular momentum) and the transfer scheme can be applied again. Multiple repetitions are realistic and only limited by the finite lifetime of the trapped ensemble. High angular momentum states are indeed related to the quantum Hall regime, as there is a close connection between the Landau levels and the states |n, m of a two-dimensional harmonic oscillator in terms of a radial quantum number n = 0, 1, . . . and angular momentum m, see Fig. 1b . In particular, the ground state of N fermions filled into the harmonic oscillator with the constraint L = L is given by the many-body state
Here z k = (x k + iy k )/l HO are complex coordinates of the particles, A is the antisymmetrizer, N is a normalization constant, and l HO = /mω is the harmonic oscillator length. This wave function is equivalent to the Laughlin wave function for integer filling ν = 1, with l HO = /mω replacing the magnetic length √ 2l m = 2 c/eB for electronic systems. Quite generally, the states with n = 0 and m ≥ 0 correspond to the states in the lowest Landau level, see Fig. 1d . To reach the LLL regime, we have to repeat the transfer scheme at least L /N = (N − 1)/2 times.
To quantify a single transfer process, our first aim is to calculate the total energy of N harmonically trapped fermions for a fixed total angular momentum L (polarized state, one spin component). For the noninteracting system, the energy can be obtained by simple summations. We start with the ground state for L = 0, where all energy shells up to the Fermi energy are completely filled. The energy of the single particle states |n, m is given by E nm = ω(2n + |m| + 1). To avoid cluttering of notation, we introduce dimensionless quantities indicated by aˆsign. These quantities are measured in oscillatory units. That is, energy in units of ω, angular momentum in units of , lengths in units of l HO and time in units of ω −1 . The degeneracy of each energy level is simply given by g(Ê) =Ê. With N = g(Ê) =Ê F (Ê F + 1)/2 the Fermi energy is determined bŷ
The total energy for N particles is then given bŷ
which shows the known scaling of a trapped 2D Fermi gas [19] . To derive the total energy E(N, L) for L = 0, we define N m as the number of particles with angular momentum m. The energy in terms of N m is given bŷ
The exact ground state energy can be found combinatorially for small particle numbers by varying the N m for fixed N and L. The result for N = 10 is shown in Fig. 2 . For larger particle numbers this method is not feasible, but an analytic solution can be found for large particle numbers. Then, we can treat N m as a continuous function. To find the minimum of (2) 
By using these relations and omitting correction terms of order 1/L and √ N , we obtain the total energŷ
This result agrees with the exact behavior for L = 0 as derived in (1), and even for particle numbers as small as N = 10 it is close to the exact ground state energy, as shown in Fig. 2 . For L ≥ L , the minimization problem becomes trivial as all particles occupy the lowest Landau level. The energy is exactly given byÊ =L, which is also obtained asymptotically from (3) in the limitL N . It is now possible to quantify the link between our approach (fixed angular momentum) and rapidly rotating systems (fixed rotation frequency) explicitly. Both are connected by a Legendre transform and we should in fact interpret the Lagrange multiplier Ω = ∂E ∂L as the rotation frequency. In a harmonic trap, the system becomes unstable if Ω exceeds the value of the trap frequency ω, as the harmonic confinement in the rotating frame is effectively given by ω − Ω. The angular momentum
has a singularity forΩ = Ω/ω = 1 and large values of L can only be achieved by tuning Ω close to the critical value. It is this precise control on the rotation frequency that so far prevented the experimental realization of the quantum Hall regime in harmonically trapped gases. In contrast, for the present situation, the system is always stable as Ω(L) < ω for all L. An arbitrary orbital angular momentum can be transferred to the system by the ramping scheme with high precision. Starting from expression (3) for the energy, we are now able to describe the transfer process in the adiabatic limit. Let N ↑ be the number of particles in the spin-up state and N ↓ = N − N ↑ the particles in the spin-down state. We describe both components separately and write the total energy as E(N ↑ , L ↑ ) + E(N ↓ , L ↓ ) + ∆ · N ↓ where we have introduced the Zeeman energy shift ∆ = µ B gB (energy measured with respect to the energy of the lower Zeeman state). We assume that every particle eventually takes part in the transfer process (adiabaticity) and consequently one quanta of angular momentum is transferred per particle. Starting from the nonrotating state at L = 0, this imposes the transfer condition L ↑ + L ↓ = L = N ↓ . Adding this condition with another Lagrange multiplier, one can quantify the transfer process as a function of ∆, see Fig. 3a . Coming from high fields where ∆ > E F , the transfer starts right at the Fermi energy. Note that during the transfer, while E F > ∆ > −E F , both components (↑, ↓) rotate in the same direction. Eventually all particles get transferred to the lower spin state and the total angular momentum equals L = L ↓ = N .
To justify the adiabaticity assumption above, we simulate the transfer process for small systems of few particles. We include all interactions mediated by V dd (r, φ), and assume, that the strength of the interactionĈ dd = (C dd /l 3 HO )/ ω 1 is weak compared to the Landau level splitting. Then, only a few excited states have to be taken into account. The system dynamics is described by
where each of the indices ijkl of the fermionic operators labels a set of quantum numbers (n, m, σ) and ∆(t)/ ω = −γt is the time-dependent Zeeman shift, controlled by the linearly decreasing magnetic field. The calculation of the dipolar interaction matrix elements V ijkl ∼ C dd is presented in the supplemental material. The only relevant parameters in this model are the transfer rateγ = γ/ω and the interaction strengthĈ dd . For the perfect adiabatic transfer, in the limit γ → 0, we can find the instantaneous ground state of H as ∆ decreases. The results are shown in Fig. 3b for N = 4, 6 , and 8 particles. The total angular momentum L(∆) increases gradually from L = 0 to L = N in steps of 2 , indicating that two particles are transferred at a time.
To obtain results for a finite transfer rate γ, we simulate the full time-dependent many-body problem. The total angular momentum L(t → ∞) at the end of the transfer for N = 6 particles is shown in Fig. 3c for different values ofĈ dd andγ. Remarkably, the data points collapse onto a single line using λ =Ĉ 2 dd /γ. This parameter arises in the Landau-Zener formula of a single level crossing, and the collapse indicates that each pair transfer is dominated by an individual avoided level crossing. A simple model accounting for this behavior (solid line) describes the final angular momentum observed in the full simulation (see supplemental material).
The preparation of the integer quantum Hall state with an orbital angular momentum ofL = N (N − 1)/2 is finally achieved by a sequence of ramping cycles: Starting with an unpolarized sample with the fermions equally distributed between the two spin states, i.e., N ↑ = N ↓ = N/2, a first transfer increases the orbital angular momentum by onlyL = N/2. Then, N/2 − 1 subsequent cycles will transfer exactly the required orbital angular momentum to reach the integer quantum Hall state.
In an experimental realization with 161 Dy atoms, the number of cycles can be significantly reduced due to the total spin of F = 21/2 in the hyperfine ground state. Although calculations for 22 internal levels are too complex, we expect no qualitative modifications, except that 21 of angular momentum are transferred per particle and cycle [20] . Two important experimental requirements are a precise magnetic field control [21] as well as a deterministic preparation scheme for a certain particle number, as demonstrated in [22] . For the magnetic field ramp we can estimate an optimal minimum value for the ratê γ = 2Ê F /t e = 2 √ 2N /ωt e by observing that the Zeeman splitting has to be tuned at least once from E F to −E F within the experimental accessible time t e , which is limited by the lifetime of the atoms in the trap. The Landau-Zener parameter is finally given by
where the length l DDI = mµ 0 µ 2 /4π 2 parametrizes the strength of the interaction [14] . In a setup with N ∼ 10 fermionic 161 Dy atoms, a long lifetime of t e = 10s and a radial frequency of ω = 3kHz are needed to reach values of λ on the order of 1. We comment, however, that the transfer scheme works already for smaller values of λ.
A particularly interesting property of the integer quantum Hall state, potentially useful to detect the successful generation, is the perfectly flat density n = 1/πl 2 HO within a circular region of radial size √ N l HO . In addition, it is possible to reach states with L > L by continuing the transfer scheme. In this regime, highly correlated ground states appear that are closely connected to fractional quantum Hall states, see [12] for a discussion in the context of rotating systems. Consequently, the presented method of dipolar relaxation allows for the exploration of integer and fractional quantum Hall states, but avoids the experimentally challenging requirement of precise control of the rotation frequency by directly tuning the orbital angular momentum. In this section, we show how to simplify the matrix elements of the dipolar interaction V ijkl = ij|V dd |kl with each index ijkl representing a set of quantum numbers i = (n i , m i , σ i ) and
the dipolar interaction in 2D in terms of the polar coordinates of the relative vector r = r 1 − r 2 between two particles. The spin-part is easily resolved and therefore we can concentrate on matrix elements of the form
with ∆m = 0, ±2. It is useful to change the basis to center-of-mass and relative coordinate states with
Notice the symmetric definition with the additional factor of 1/ √ 2 compared to the usual definition of the relative vector r = √ 2q. Due to the quadratic character of the potential, Q and q are subject to the same harmonic potential. Thus, the product state |n 1 m 1 n 2 m 2 = |n 1 m 1 |n 2 m 2 can be decomposed in terms of harmonic oscillator states |N M |nm of the Q, q coordinates via where the remaining integral can be calculated analytically for specific n, n , m and ∆m.
Probabilistic model for LN
Here we derive the total amount of angular momentum after the transfer by assuming that each 2-particle process is described by an independent Landau-Zener (avoided) crossing. That is, we neglect any interference effects. For each Landau-Zener process, we define the probability to transfer the n-th pair of particles by P n = 1 − e −λ/λn with λ =Ĉ 2 dd /γ the Landau-Zener parameter and λ n an effective coupling strength, describing the n-th pair-transfer process. The total angular momentum for N particles after one cycle is then given by weighting each possible outcome (L = 0,L = 2, . . . ,L = N ) by the respective probabilitŷ L N = N/2−1 n=1 2n P 1 · · · P n (1 − P n+1 ) + N P 1 · · · P N/2 = 2P 1 1 + P 2 1 + P 3 1 + . . . 1 + P N/2
For N = 6 particles this reduces tô L 6 = 2P 1 (1 + P 2 (1 + P 3 )) = 2 1 − e −λ/λ1 1 + 1 − e −λ/λ2 2 − e −λ/λ3
The assumption of independent crossings can now be justified a-posteriori. By fittingL 6 to the simulation data we find λ 1 = 0.0056, λ 2 = 0.025, λ 3 = 1.74 with λ 1 λ 2 λ 3 . While we suspect this approximation to break down for larger N , the model describes the transfer for small particle numbers in good agreement with the simulation. 
